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ABSTrACT

In the past few years some entirely new bruadband antennas have

been developed. At the present time it is easy to construct practical

antennas which have essentially the same pattern and impedance over

a 10 to 1, or larger, frequency range. One group of broadband antennas

utilizes the ureful property of the equiLnguler (logarithmic) spiral

curve that n scale change and a rotation are equivalent.

In this paper theoretical methods for determining the *te-tric

and magnetic fields produced by an equiangular spiral structare are

considered. The equiangular spiral structure consists cf two thin

conducting strips (arms) with edges defined by equiangular spiral

curves developed on a cone. . The structure is considered infinite in

extent with an arbitrary rate of spiral and an arbitrary cone angle. The

planar equiangular spiral is included as a special case. To A ike the

problem amenable to analysis it is necessary in some cases to restrict

the gaps between the spiral arms to be small.

•xpressions for the static (DC) electric fields are derived from

separated solutions of Laplace's equation. The static electric fields

are shown to be a function of only two variables. The separated solutions

are a product of the circular functions, and associated Legendre functions

ot imaginary degree and real order. An infinite summation of the separated

solutions is necessary to meet the required boundary conditiona. For

a small gap between the spiral arms the coefficients in the summ~iti•,n

are expressed independently in a simple mathematical form. For an



arbitrary gap the coefficients cin rot be determined independently, and

'he solutions are approximated by a finite sum, The least squares

criterion is esed to obtain the best values of the coefficients, and

the coefficients are expressed *a the simultaneous solutions of a finite

set oI I inear algebraic equations.

For the electromagnetic problem, separated solutions of the vector

Helmholtz equation are obtained in an obliqde spiral coordinate system.

The separated solutions are similar to those (t the spherical coordinate

system. They are a product of Bessel functions of complex order,

associated Legendre functions of complex degree and real order, and the

circular functions. A double summation it required to satisfy the

boundary condl.tions. Expreasions for the ooefficients in the summation

are derived in terms of the tangential electric fields in the gap

ba"ween the spiral arms.

For the special ceuse of a balanced antenna with narrow gaps between

the arms, expressions are derived for the fields produced in the gaps

by L souarce at the origin. These solutions make available a means of

calculating the input impedance, the current distribution, and the

pattern of an equiangular spiral antenna.
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I INTRODUCTION

Recent years have seen the development and use of a number of

broadband antennas. Experimental techniques have been used to provide

entireily new types of antenna structures which maintain essentially

the same pattern and impedance characteristics over a 10 to 1, or

larger, frequency range. One basis for the design of broadband
1

antennas has teen the "angle method" whereby the boundaries of

the antenna are specified primarily in terms of angles, and thus

lengths are avvided which are resonant at one frequency and not at

others The biconical antenna, the disc-cone, the fin, and the

equiangular spiral are all examples of practical antenna structures

which are specified primarily in terms of an&_'.

While the angle concept specifies In general what boundaries

can be used to construct an antenna which might be broadband, it

does not predict what the actual pattern or impedance will be.

To date almost all of the development of broadband antennas has

been of an experimental nature with only a minimum amount of

theoretical development. Schelkunoff2 has derived t'Jeoretical

expressions for the pattern and mpedance of the infinite biconical

structure by showing that the TIN amoe is excited by a source at

the origin. Carrel3 has devised methods for analyzing theoretically

an Infinite biconical structure of arbitrary cross section showing

timat the Infinite structure has characteristics which are independent

of frequency. However, the finite over-all size required in a

practical antenna gives rise to an "end effect" which seriously



limits the bandwidth obtainable with the bicoanical antennas of

arbitr-ary cross section.

Using the "angle method", Rumsey in 1954 proposed a clps of

antennas based on the equiangular spiral. The balanced planar

equisngular spiral has been very thoroughly investigated experimentally

4
by Dyson who has shown that It is easy to construct a practical

antenna having frequency independent characteristics over a 20 to 1

bandwidth. He has also shown that over a range of frequencies the

input impedance and the pattern of this antenna are not affected

by Increasing the length of the antenna arms. Thus, the equiangular

spiral structure does not have an appreciable "end effect," and

after a critical sise is passed the characteristics of the finite

antenna are the same as for the infinite structure.

Ixperimentally, tbe balanced planar version of the equiangular

spiral antenna radiates a circularly polarised, bidirectional pattern,

with the two lobes of the pattern perpendicular to the plane of the

antenna. Theoretically, the pattern rotates about a line perpendicular

to the plane of the antenna as the frequency is changed, Howeve*,

in the useful frequency range the pattern is nearly symetrical

about the axis of rotation, and, therefore this rotation has a

mail effect on the experimental patterns of th,' antenna. Recently,

Dyson has shown that the balanced equiangular spiral developed

on. a cone can be made into a practical broadband antvnna with a

unidirectional pattern.

This paper presents the results of a theoretical study of the

electric and magnetic fields produced by an equiangular spiral structure.



As the boundaries of the equiangular spiral antenna can be specified

in reasonably simple mathematical terum, it was felt worthwhile to

Investigate methods of obtaining exact theoretical expressions for

*he fields. To obtain a fooling for the problem, the static (DC)

electric fields were determined first by obtaining separated solutions

of L~aplace's equation. The static solutions pointed the way to •

set of coordinato variables w.'ich wore used to obtain the oloctrp-

manetlc fields as solutions of the vector Helmholtz equation.

While it was desired to determine mathematical expressions for the

fields under the most general conditions, several simpllfying

assumptions were necessary. In all cses the spiral structure is

coesidered infinite in extent, and the spirals Are assumed to

continue indeftnitely closio to the origin. Also, In some places

In the anal sis the gap between the spiral arms is assumed arbitrarily

small.



a. T1 IVUIAI3 SPIRAL ANTEIKA

2. 1 Tho quiaauMlar spiral

A goenral oquiesaplar (or logarithmic) spiral curve can be defined as the

intersection of the two surfaces.

r!na
0

and (2-1)

whoro so, a, 0ad Oo are real parameters, and r, &, and • are thi convent Ional

spharical coordinates shown in Fig. 1.

III
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The equtangular spiral curve has the useful iroperty that a change

in scale Ls equivalent to a rotatiol. ft the scale of the coordinate

system is ckanagJ by a factor c 4 that

/
r =er (2-2)

the definingq equations for the spiral can be written as

r / 4. 0&0 .a 5o ea(4 +b) (2-3)

where

0 a c)/a (2-4)

Thus a change in scale by the factor c produces the saw spiral as would

be obtained by rotating the original curve by an angle (In c)/a about the

polar axis.

2.2 The Aqutangular Spiral Antenna

Iquiangular spiral curves can be used to define the boundaries of an

antenna by using four curves having the same values for the parameters a

and 0o) but dIfferent values al, a 2 3, and a 4 for the parameters so.

The parameters a,, s20 53, and s4 must be chosen such that

sI < a < s3 < a4 < 1 2 (2-3)

One arm of the Rntenna is formed by placing a thin conducting strip on

the cone @ = 0o such that the edges of the strip coincide with the spirals

corresponding to a0= MI and a sa , In a similar mauwer another strip

with edges coinciding with the spirals a 0 a and sa s forms a second

arm. Near the origin the two arms of the antenna come arbitrarily close

together, and the orlgin is a convenient place to ezclte the antesna.



Zxaplee of equiangular spiral antexass are shown Ln Figs. 2 and 3.

The Infinite equlangular spiral antoeP defiemd above has the us,-

ful pr•Orty tkat a sMale OhAg is equivalent to a rotation. Th•s

"asure that the space variations of the fields produced by differeat

exlcttitoa tfreqenciee sca be related simply by rotating the reference

axis of the coordiaate system. Therefore, the pattern of the Inflalte

equ~angiuar spiral astemma rotates the excitation frequency Li dcmged,

and the input nlupeanMe to Itt of frequency.



d.

'tog

JP1013 2 7WE EQUIANMUGJA SPI RAL MUTURXTR MVZLOPW IN TH3 FlANK 00 1/2



7101131 3. 213 UQUJANMOUL SPIRAL SwhIWTUU
DCVZLOPZ ON TU C Slow 22.50.



3. ' W SATIC (It) E5CTIC ?FELDS

3A14Lalace's."ustiom with Iral Variables

Wita one of the arms of an equisagular spiral• structur• st tW4

potential + TO and the other at -V"o the potential +(r,e*,O) at any point

in space is given by the finite solution of laplace's equation.

V2  0=o (s-1)

whicb satisfies the boundary co"ditioas at 0 u* that
0

+ v for sme xrka < re'"44 <<3 ea

TO ys 3  4~1a< Zk

k, 0, -1, -2, . . . . . (3-2)

Ue poteftitalýand the boundary conditions are functions of all three of

the coordinate variables, but the boundary condition" are expressed in

term of 0 and re* . This suggests the introduction of a new set of

variables, one of which is re . A set of varlablem which has been

found o@vin/et is

Tr
-a,

Sso. (3-3)

LApIace*s equati&.o in spberl.tal coordiastow6

2 1 8 2~
r r sin r siLn +2 20

(3-4)



provides a convenient starting point, and in terms of -, 0, and s Eq, 3-4

become.

1a 2bSl 29~ 1e 2W aa
r a. ÷ V 3 sin•A*

+(in 0 0m (3-5)

with %P(r, 0, @ . (C,*,s).

The boundary conditions on V are independent of F. If Eq. 3-5 is

indepedient of i when I/Iir is asiunmd nro, the V which satisfies the

boundary conditlom $a ilndopendent of T. Assuming "/ = 0 in Eq. 3-5

gives

2 2
_sI;(* ;; + T s os) 1 + we (sin 0 )x0.

sin 2

which in independent of f, and the Pisumption is justified.

Therefore, the original throe dimensional problem in spherical coordinates

is veduced to a two dimensional problem, and the ststic potential can be

expressed in terms of only two variables s and, 0.

3.2 S, rated Solutions for IAplace .•uation

A further simplification in the two dimensional Laplacels equation and

the boundary conditions is obtained by use o* the substitutions

' X.In a, Y(O, -0 Y(7ý 01 s)

which reduces 2q. 3-6 to

+(3-7)

sin 2 or2si0



Letting 'r a In Sa, the boundary conditions in termss of 6 . T are

V =+Yo for i1 + 21ak < -r < T3 + 21sak
a 2t

V =-V for r + 29k < r < T + aak
0 3 4

Vu~V0  for + +2TkTT +2a
,- O o,±l -2, -3,. . (3-8)

which aro periodic in T with period 29a. Soparatec, solutions of

Uq. 3-7 can be obtained by assuming a solution of tke form

a

Vai A85oi- (3-9)

where

A ais a complex constant dependent oosly on

v (9) i aidependent of -r

and

a is required to be an integer to have solutions with a

periodicity in T agreeing with the boundary cotditions. The use of a

smu of oamplex functions to represent a real potential is convenient as

separated solutions of the form 8 (0) coo _T or e (0) sin _m individu-

ally, will not satisfy Eq. 3-7. It is shown in Appendix A that, if the

poteatial is assumed real at 0 = 0 the solutions iresently obtained

ive real values for the potedtial for all 0 and T. It is found that

V will satisfy Eq. 3-7 if e satisfies
a

dG da a sin 2

Eq. 3-10 Is a form of the associated Leogndre equation of degree J and

a



12

order a, Many of the references on th* associated legendre equation

consider only the special case of integral order and degree. References

which copsider the general case of complex degree and order are Habson,7

$ 9OnOW, WO &chbkwnof9.e The notation used in the following is the *sam as

used by Robson,

The *wo litno&rly independent solutions of Xq. 3-10 are the atsociated

4egendre functions of the first kind eL (coS 01 und the second kind

tcos e). For integral a and real 9, P a (cos 0) is finite for all e
a IS-

except * m It, and dRm (coo *) is finite for all 0 ecept * = 0 or 1.

As Qa (cos 0) becomes iufinlte at both 0 w 0 and I, it is not useful in

the representation of the desired potential function and need not be

considered further. For real and a a positive integer, ? (coo 0) isit
given by

P C401 kL X- -(F) o.)u; um s Xr-••+l sin2 (3-11)

and for a a negative integer by

(Cos *) sin(-nJ- -0.i+J-; -N+l; Xin 2  (3-12)Ji( )r a a 2

where is the hypergeometric fauction

(a, P3, z) =l+ z +A(. a+1 (D+I) 2+ . . . (3-13)

and r represents the gama function1 0

The fact that there are no solutions of Eq. 3-10 which are finite



13

for &l real valYe4 of * am.,%os it ncessary to divide the space about the

spi.ral structure into, two regions wlth a different mathematical representa-

tion for the flildo in SacO Of the regions. The logical boundary to use is

the come0 0 0 As shown In Fi* 4C

RRGION I

0•

/

/

l se 21a s

/ 5215a

/
/

44

REGION II/

=1s 3 0

2

44 1
f

IrIGUK 4 BOUN•Y CMDITI wJ AT T 4- e

I n regL on I for 0 -c 0 0, 0.ls•(cos 6) caa be utsed in representingi the

potestial, and In regiLon II for 0 >* o' Pif (- coo 0) is, appropriale.

00
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On the boundary surface 0 = 0 the potential from both regions muct be +V0 0

or "¥o on the arms of the spiral; also, the expressioms for the potential

from the two region* and their normal derivatives must match along the

gap between the arms. The 'orced separation of the potential expressions

into two regions greatly complicates the problem as it becomes a boundary

valu* problem with mixed boundary conditions.

The appropriate separated solutions of the two dimensional Laplace! s

equation with spiral variables are

r A, VP (cogsBý e a 4
-- 0

a
and (3-14)

V B (-cos 0 ea 0ý0
ja- 0
a

A single value of &In qs. 3-14 is not sufficient to meet the required

boundary conditlon., but a summation of torus of this form ovt- all

integer values of a will be found adequatc. Tae expressions for the

potential at any point are

VlO,') = A3 Pm (••(o ) ) 0
0

and. (3-15)
V(BT) (-co- 0) e ek9

Expressions for the coefficients A and B will be derived in the

succeedlng sect ions.

3.3 The fotential In *eras of PotentiSj &!. A a 9

The coefficients A and B will be determined first In terms of3 a
the potential distribution V(O ,T) existing on the boundary 0 z 8e

The potential on the b indary is a continuous periodic function nf T,



and may be expanded in a Fturier series as

V(0 IT) (3-16)

with the coefficients tý given by

'r 1
SV(eo T) e d'r (3-17)

from Eqs. 3-15 and 3-16 the relations between A 8, and C are

C
A z

p (coS 0O)

and a (3-18)
C

B am (-coo "

Eqs. 3-17 and 3-16 express the coefficients A and B in terms of anU S

arbitrary distribution of potential in the gap with respect to T, and

they assure that the potentials from regions I and II match at the

gap. The potential distribution in the gap is not arbitrary, but

to restricted by the requirement that the normal derivatives of the

potential match at the gap.

3.4 P•t•ntlal on the Bouwdary for a Umall Gap

As the gaps betwo',n the spiral arms are sade small

T .- + ".T aAd T -- T +2a 2W(3-19&
2 3 4 1

?wr arbitrarily small gaps the potential is specified ovtr the entire

cohe 0 a as
0

V = + V 1 + 2lak <1 <or2 + 2rak r3 + 2&ak

V m - Vo T3 + 21fk < T < T 4 + 21fak 1T + 21a(k+1)

k = 0, + 1, + 2, .. (3-20)



C its given by rT,+2fa-
2 -J!-T

V = -r V e-oe ye

3 212 (3-21)

and

0o=V 7ra

C 0 r 7us-,2  _-aT17,
STNm - A a * 0 (3-22)

Substitution of C from Eq. 3-22 into Zqs. 3-18 and 3-22 gives ana

explic'.t expression for the potential at any point in terms of the

parueters a, Tit T2, and, 0 as

1V2o

o Ira -oF "
SPS (cos eo)

00 (3-23)

v - +z_ -e %00
]j -0 (-cos )eo

m#o

3.,5 ,Nitontial on the Boundarj for an Arbitrary Gap

With an arbitrary gap between the arms of the spiral the problem

of determining the potential distribution in the gap is complicated

by the sixed boundary conditions.

Exact solutions for some two di'ensional potential prnblems

w Lth mized boundary conditions can be obtained by dsing confornul

sapping techniques 1. For example, an exac expression can be obtained

for the potential distribution across a alit In an infinite plane
12

skeet2. For a imall gap in the equianfular spiral structure the

potential in the gap might be approximated by using the distribution

obtained from the plane sheet case, however, there does not appear

to be a simple method of deriving an exact expression for the potential

in the gap. Any method seems to depend on an iterative procedure,



the sinultanoous solution of an infinite set of ecquations, or the

"mquivalent However, it the gap potential is. approximated by using

aL finite numbar of temm In the Fourier expansion of Sq 3-16, the

least squares criterion 13provides t ,method for determining the best

values for the coefficients. Approximating with 2M+l tersi of the

sertes and usixg tW-0 sabocripts I and 11 to identify the approximate

•soltions for 08 0 and 0)>0 respectively, the expressions for the0 0

potential are from Sqs. 3-15 and 3-181

. V P a(Cos 0) J!T

V, (e,0A) 0 a

17-

(3-24)
P (-Cos 0) M

Vr (OVr)= C a O-

ee (-cooe ) 0

auJ-.

in ters of C the potential at 0 = 0 IS

V3: (0~i 0 C a . a VI (0 ,r). (3-25)

Intrn f -M 2

S=-IiH

For 'rI (T ý the error in the potential due to using a finite number

of terms is

F-T

V C~

and for T 3 T4 the error is

N

-V lo

For 040 the normal derivative Of the potentjal is
0

19-- A IL o a(3-26)

a= - ..-

mz-



wheri•

Joo

? a :01o)- d s a(coo 0)

dO d 9 --e
_J• 0

and for 0 > 0
0 O d m (-coo a

2o. IR8 0e (3-27)

As the normal derivatives should be equal in the gap at e o, the

error is

0 0 (3-28)
where Us-li

4? (coo ao) dP (-coo 0o)

Y aw dO do___ _ __ _ (3-29)

1Pa(cos.e ) ?P(-coo a0)

Tbe mean square error i over a period is

=-dT + a d2

_Mli 2 11 {J d2 +-21a

+ V + C,,0(I + y aej_ dT

3 T 4

(3-30)

By setting the derivative of M with respect to each C equal to zero,

a system of 2M + I equations and 2M + I unknowns is obtained f n any

nO-toro width of the spiral arms. As V is real, C is the complex0 -R

conjugate of C , and the equations way be reduced to X + 1 equations

and M + I unknowns. Using * to indicate the complex conjugate, thv



first of these eqi.ations is

[CrNL a + C*L I a O [TT2 -I - T4 + T3ol (3-31)

s*- the remaining * equations are obtained by using integer values of p

from 1 to X in

C* [(T 2 -T +"4 " T 3 )(1 - Y yA) + 2&a ypy; +,• C LpR(I - Y

s#p

'a T2eý 1 jaT4J131
+ CLLp+(1 - = V° e  0 3e + e(-32)

R0 m J (3

where k JT -k

S0 • - +i -
k k (3-33)

The slmultan6ous solution of the 1 + 1 linear algebraic equations of
Eqs. 3-31 and 3-32 gives the best values for the %'s in the least

squared sense for arbitrary paraswters in the spiral structure, and

Sq. 3-24 expresses the potential in tertas of the C Is.

Even though Eqs. 3-31 and 3-32 may be simplified somewhat by an

appropriate choice of the various parameters, the labor involved in

making a numerical colculation of the potential does not seem justified,

The static solutions were originally considered to obtain a feeling

for problems with spiral boundaries and, also, with the faint hope that

there night be a simple relation between the static and time-varying

solutions. The fact that relatively simple expressions for the

potential can be derived when the gap between the spiral arma is

stall, indicates that it is worthwhile, at least for this speciel case,

to consider the such more difficult problem of deterainiag tOm

electremagnetic fields produced by the quiangular spiral antenna

3.6 "ressions for the Electric Field Intensity

The three spherical components of the electric field intensity



can be determined by taking the negative of the gradient of the potential,

EI- grad V (3-34)

The resulting oxprossions for the electric field intensities in terms

of the C for are

C e

' a ar0

da (co 0)

N -" .......'' a ••"•2••
r a (cos aO) (3-35)

(L ()OS (: ) e
pI- (Cos 0)

-inc- Oa asn (Cos 0 )and for e>0 the expressions are the sam except that P (cos 0)

and �� (Cos 0)are replaced by i (-COB 0)

dO

and dlý (-cos 8) respectively. It is noted that Er and E for any

'a
dO

spiral structure and all 9 are simply related by

for tih str (3-36)

for the static fields.



4. THI ELECTROMAGNETIC FIELDS

4.1 Introduction

To determine exact solutions to a g&eneral antenna problems
I

MAxwell s equations are often used as a starting point. In differential

form for a homogeneous, isotropic, sourcefree region they are

c u r l - '8 7t

(4-1)

curl H

The el mination of E (or H) in Eq. 4-1 results in the vector wave

equation

curl curl i+ i a 2 = 0 (42)
-- 8t 2

in - (or K). By corsidering monochromatic sinusoidal oscillations

the timc dependence may be removed. Using the cowplpx number

representation with eJUt time convention

R Re jtj

atd the vector wave eqaatton reduces to the vector Helmholtz equation

ir I (or H)

curl curl E 12 E (4-4)

2 2
with 2(%2"

It is desired to find ý,olutions of Eq. 4-4 wli•-i satisfy the boundary

conditions of an equiangular spiral structure and meet the physical

requirements of an electromagnetic field,

.2 .. An Orthogonal .Spiral Coordinate System

To obtain the needed solutions of the vector Helmholtz eqr.tion,



it is very desirable to have a* othogonal coordinate system which "fits"

the boundaries of the equiangular spiral structure. When Lhe sntenna

is developed In the plane 0 -- / an orthogonal coordirnate system which

"tftet" the antenna say be developed. In terms of the usual cylindricul

coordinates p, 0, and z let

71 P e0/a (4-5)

z z

and •, i, and x forn an orthogonal system. In the plane z a 0 a line

of constant C coincides with an edge of the artenna, and lines of constant

11 form a set of equiangular spirals which are perpendicular to the edges

of the antenan, Rowever, this coordirate system is not one of the limited

nu.Aber of orthogonal systems in which the vector Helmhioltz equation is

serAble, drA no mwthod could be founAl to adept it to an exact solution

of the equiapular spiral antenna prolloa. This system 4s useful

in solving spiral problems in which there is no variation in the z

direction, and is nentioned here is it seems to be an "obvious" system

to use.

4.3 An Oblique Suiral Coordinate bLvstq

The fact that the static potentials can be exp eased in terms of

only the two variables a an 0 suggests thar use as the banis of a

spiral coordinato system. The tims-varying fields can not be expre3sed

in terns of a and O only, and the "logical" choice for a third variable

is one which will complete an orthogonal systes. Letting p =p(r,0,4))

A
represent the third coordinate variable, a unit vector p which is



normal to a surface of constant p is given by

A grad pp = ... (,r••v 4-6)

A WW grad pt
A

To for* an orthogonal system p must satisfy
.00

A A

A A
where is and 1 are unit vectors norml to constant a and, p surfacvs

A
respectively. The expression for X is

A grad a isin a A a A

"" ar2d+ si a 2 + sin2 e (4-8)

Coibi.iing Eqs. 4-6, 4-71 and 4-8 gives

gr 4p a sin e A
a +Sin 0 a2 +SI e (4-9)

whch ieoas directly to the three separate equations

ap=I rd p O 0 = 0, and - grad pI r 8 2 :

12 2 2 + 2a +sin 0 a +sn 0)
(4-10)

From Zq, 4-10, p must be both independent of 0, and

8p/1)r a

r sin 0

The desired function p(r,8,o) does not exist, and it is not pos3iblp_

to form an orthogonal coordinate system usings and 9 as two of the

variables.

For lack of a better set, the variablos

u Pr

O8O =(4-11)

s= re

are used. This oblique coordinato system has two distinct advantagef.

It permits separated solutions of the vector HvlIholtz equation which
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are similar to those obtained with the spherical coordilnate systC*,

Also, with it both the vector HFlmhboltz equatiorn and the bourdary

conditions are independent of •. As this system is oblique it is

often convenient to express the various components of the field

vectors in a mixed system, using the spherical unit vectors r, 0,

Aand t, and tbe spiral variables u, 0 and a. kt times the spiral unit

vectors 4 and ^ given by

A sin a A a
8 = ..... ....... . r - - . .....
- ". - 2+ sin 0 Va + sai 0 (4-12)

A a sin 0p 2 .... . r- + .. . ... .2

a + sin 0 sin

and the field intensities in these directions will alsG be used

4-4 The Vector Helmholtz Etuation with Spiral Variables

The vector Pelmholtz equation expanded in spherical coordinates 1 4

is given in Eq. 4-13. For 4 4 0 in a mixed spherical spiral system

Eq. 4-13 becomes Eq. 4-14. Orijinally the vector Helmholtz equation

is a function of four variables r, 0, 0, and P, but Eq. 4-14 (and the

boundary conditions) are a function of only the three variables u,

s, and O.

4.5 Separated Solutions

As Maxwell s equations include the relation dlv E = O, the vector

solutions of Eq. 4-14 may be ex-,ressed in terms of only two scalar

functions. One of the scalar functions can be chosen to generate a

transverse electric (TE) field with E 0 O, O nd the second scalitrr

function chosen to generats., a transverse nagnztic (TM) field with

Hr 0 0. Using a prime to indicate the fields of the TE solution

and double prime for the fields of the TM selation, the total c4ectric
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and XagpVetic fields are

E• +

SH +4-15)

Considerirg first the TE case, a scalar function. 0'• l(u,0,A) which

gives a field with St ; 0 may be derived from
r

curl fA'
(4-16)

INsatisfies all three of the equr Lions contained in Eq. 4-13 if I1'

is & solution of

I 78 (sin 0 ( + 2 all/' 82Hl'
g~~ ) (a( + us 8-

sin 2

2 �* e�ell 2 82n' u2f' (4-17)
+u ••-u + --- + (4-17

The solutLons of Eq. 4-17 will be obtained in separated form, and as

more than one of the separated solutions will be needed, let

K K (4-18)

w)*re A/ is a constant andLtra dicates a suantation over all appropriate
K

values of the separation constants. Making use of the same substitution

that ?roved useful in the static solutions,

T=f lns,

11'satislies Eq. 4-17 if I' is a solution of

8'2 82 / *211ft
1a---- K +K + 21 K[i a 1 u(si du

a --, 2 0

+U2 K +u2 0(4-20i)
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AssimLag a separated iolution of the form

"ir.-a U(m.) e) e a
(4-21)

wLtk U independent of t and r, wwd.e independent of u and T, IT

is a solution of 2r. 4-20 it U sri • satisfy the vrO Aary differontiNl

sous t Loss

d% + atnS 9!+ Iv(41a)-s a 2

0 (4-22)

rd' J- 2ie u I; fu•
Z1 a.u Ua)Jv.n 0 - (4-23)

p vs a seperation coastant, and the appropriate values for i. and a

are still to be deteromind. T* have fields which vary periodically J.

. with a period of Us., a mut be intoeral. It will later be shown

that the required values of V are complex.

Eq. 4-22 is similar to Eq. 3-10 abtalued In the st - solutions

anid Is a •orm of the associated Legendro equation cf drrvt I or

order a. The two linearly 'rdopendent -solutions of L4. 4-202 t& e

assocLated Legendre functions of' the ft•tr kind V" (an8 3) a. t

second kLd Q: (cut 0). tor m zero or a positive Integer o .r.

io solutioma of Eq. 4-22 hicLh are 11ia - tr all real values of a

unless Y ls an integer greater than or aquaa to a Dire Vo I Act to

be ma integer, it is sagai necessary to consider a tti^,xs V two

regioles Ls Illustrated In Fig. 4. For the requirod v Lk.es oC V,

Q1 U (cos, 0) becomes infinite both at 0. a 0 and 7 and Is not ksolut

for representing a physical field. PV (co 0) Is finite for all 0

except 0 = 1, ana for i. zero or a positive Integer Is given by

a -. -i,"'10 20
Pý c Cox 0) XŽ. - r(U;V~+U; a+lj sin4-a"r (~-~l ~(4-24)

fI,



and for a a negative integer by

P n(cot 0) -sin 5  F (V-M+l, -t i

2 (-i), 2 (4-25)

P (cos 0) way be used in representiag the fields in )egion I for

e<0, .and Pyrea(-coo 0) used in region II for 6.>80.

Solutions of 2q, 4-23 can be expreqned in terms of the Bessel

functions15 as

U(u) =u ZV+ (u) (4-26)

where Z,+4(u) represents a Bessel function of order v+4. Watson16

has given a very detailed account of the properties of the Bessel

functions of complex order. The Bessel function of the first kind

Jj (u) of order v+Jis defined by17

Jvt 0u 0 HZ(- p u• V,2p+i

J (u) ToPU)+P
= pzt- 1 . (4-27)PýO

For complex values of v, J,+(u) and J-V- (u) are l inearly independent

solutions of Bessells equation, and, therefore the needed solutions of

Eq. 4-23 can be expressed by using only Bessel functions of the first

kind.

Using the subscripts I and II to indicate solutions valid for

0 1'0 and 0O > respectively, tbe general foins for the scalar funcciono 0

nI which generates the TR part of the fieAd are

for region I, 0 , 0

A u u a (u) m P cos 0) e
v V+f V (4-28)V, rn



Vir region II, 0)0
0

V(u) p m a-co(-Co
UU:V4 V P (4- 28)

vwm

In a similar manner the expressions for the scalar II which generates

the TM pnrt of the field are

for region I, e< 0 y

fl" u J + ... (coa O) e
~IA #aui-a (u) a- CSe

for region II, 0> 0  (4-29)

4! rn-
B a Uj U a (u) PM(Cs0

where V ii the separation constant.

From Eqs. 4-16, 4-28, 4-29, and Maxwell's equations, the following

expressions for the electric and magnotic fields with spiral variables

may novr be derived.

TE Components - Region I 0 <eo
0

0 (4-30a)
r ja, a "• ,m ) auJ (U) p M

Uo sn a ( a(J•) u PJ+ v (cos 8) e (4-301)
?TV

•T~im jI (u) dPI (Cos 0) JT

U d$ (4-300

m a

*7 21(V+ I) A/'K u U (u) P (coig 8) CA-0drf JU z V (4-30d)



= - U~ +dP (C"B UU -" ........ e (4-30e)

(4-30e)

TM Components - Region I 6<0

~~A U U P_!- () (cos, 0) e
r U y a V P A e(4 - 3 0 g )

d_ (coo. 0) J*
e - u V-dO e (4-30h)

E*= ,, ~j() ] *(cos e)

1 a- %_

ir A:±n R(J)Aui U a Y[ j W+ (U) P au J (PCos O)e F
(.1-30±)

-Jqil' = 0 (4-30J)

r

(u a

u ; ( a • (4-30k)

"W A° dP_" (coo 0) I
KVV-Ju J,.-v o+i dO -- e .(4-301)•

In region II for 0> 0 the general ePpressions for the fields are the
0

same as those given in Eq. 4-30 with A , A P a (o )j
V V

d P Va(Cos 0) d Pf a(coo 0)to MPo, (>oe (Vo • , ,

as "P (CO4 0), and de replaced by B , Bi,
d Pr (-coso) a d P,*(-cos 8)

S (-co R O), .... dO I' P-- (-cos e,, and - d o

4.6 The Fields from Specilied Conditions nn th,% Roundary

The values of v, a, A , AIA , BH In and B o1 Eq. 4-30 can hi.

ddLerutned in teors of the tangentiai plectrf,• *iJed at 0 = 0 ,
0



For an antenna developed on the cone e = 0 with one conducting art

between 'r1 and T2-1 and the other between T3 and T4 , the fields are

ptriodic in T; the tangential field intensity over one period may

be exproesed an

o0 T 1 < T < TI, T3 T< < 140

f f(u,T) T2 < T < r, 3 T < T1+21a
2 3 4 1(4-31)

lo=O 0 T I <" T T 21•Je -O < r3 <"v< T4

-W g(UT) T2 < T < T 3 ', r4 < 1 < T1+2irp,

I(u,T)and g(u,T) are the r and 9 components, respectively, of the

electric fiold intensity in the gap and are assumed specified.

As X t0 Ar and B o are deteroined from Er ] only,

For any constant u, if z r] Soo in one period in continuous except

for a finite number of finite disojntwtniities and has only a finite

number of maxima and minima, it may be represented by a Fourier

series whose coefficients are functions of u alone.

Thus, J
E r 0 fre a fr(u) e (4-32)

OT +2W
vith 3 -Jr+2

f(U) a f(uT) e dr + f(u,T) ea-dT
21a j 27a (4-33)T 2 -T 4

mLking use of Gegenbauer's generalization of Neumann's expansion-18

6f M(u) may be expanded in a series of Bessel functions. Considering

u as a complex Variable, if if M(u) is an entire functton it may be



expanded in the series

nO a 4 u. a (u)Duo (4-34)

which c.onverges for all u. The coofficients Cn+_* xavy be found by

(U)I a 19
making usa of Gegenbauer's polynomial defined by

2p,x(u)= a 2" (n+K) (n-pt-K)

n,, u + 1 WO P)!(4-35)

R au) an the Bessel functions of tih first kind satisfy the relations

MOK (u F (u) duOk 2 2
u u+AC k, A u

C
(4-36)

ruOWK (u)9 () d. lj•C, n+K " nAYuXg•r

where c is a closed contour encircling the origin once in a positive

direttion. Using these expressions, C" a.a caa be expmessed in terms
nja

of f (u) as

a+ f () R a du, (4-37)
fudu

C

or in terms of f(u,'v) as

3-O 1 -A (u)
1 f Uf (u1,T) e adT U ( u, e di R I d]

a~j ja(21) 2 Ta
2 4

(4-36)

.1 ron has now been expanded in the double series

3
-- a (u) J!T

=tg " mu 2 .J_1 aC n+j a u J a49 e.---. • • -e *•°a(4-39)



Comparing Uqs. 4-39 and 4-30g the characteristic values of - are

a (4-40)

with n taking ou integer vulues from 0 tir +c)>o and a integer values

-• to + ¢. Also, itn

n+j-
'A A" a

fti= IN Co
a (441)

and on

B JI ItsC n+

P n+j! 2 a (~-Cox oa a n -n+ .0

"therefore, qs, 4-38, 4-41, and 4-30 used in this order give explicit

expressions for the TM components of all the electric and magnetic

fields in terms of the specified tangentiul electric field in the gap.

After the TM eomponents of the field are determined, the TE

components may be obtained in a similar manner.

Expanding IgJ _ in a Fourier series,

oe g(u) e (4-42)

Tp 13 ,T +21a - -J1T
Zra g (Ur) ,e 'r +( g(U,T)e a dT aT

2 4 1 (4-43)

Expanding ug (u) in a seriee of Bussel functions,
a so a

I (u) C I uiu IT (u)a
S(4-44)

with

C ug N) Rf u(u) a~,&j du
a+I N cJ an+,4+ i (4-45)



These equations express Ez j 0 in a double series as

(u) e!-

0 (4-46)

Comparing Eq. 4-46 with Eq. 4-30b the characteristic values of v are

V = n + a-3 (4-47)

with n taking on integer values from - 1 to +*., and a integer values

from - - to +.o. Also,

D3
"-C onaan+

A I A on=
V n+j-= aa d P a (Cox 0

do

a-nd 
(4-48)

.C, a
a°'p dP- -o o

dO

In torus of g(u,1). Eq. (4-45) can be expressed as

T 1 -Ar T 1 +?,Ia

Cn -•" I1 ug(ur)e a'dT + ug(u NT)e an+ R (u) a du
.a ja(21) fil a

c'T2 T 4

C on C on a
n+1+3- n-l+J-

+ 
-M a

min 0 a a... (4-49)
0  (n+l+J!) (2n+3+2 m) (n+j!) (2n-l+2J!)-

I a aa

where C A is taken as zero for k 0.k+ %

Eqp. 4-49, 4-48, and 4-30 used in sequence give ezplicit expressions

for the TE components of all the electric and magnetic fields in

terms of a specif 4 ed tangential electric field in thc gap.



4.7 The Mixed Boundary Conditions

Having derived expressions for the electromagnetic fields at all

points in terms of the tangen$'ial electric field at 0 = 00, one is

faced wiVi the more recondite problem of determining Itan at 0 = 0

when the antenna is excited by a source at the origin. Assuming Etan

in the gap, und from It calculating the performance of the antenna,

is essentially the eq,'tv:alent of assuming the current distribution

on an antenna. Uieful results are often obtained from assumed current

distributicis, and an assumptiv% for _Etan in the gap based nn experimental

veasurements could be made. However, thia procedure somewhat avoids the

problem, said it would be much more desirable if exact expressions could

be derived. The correct EZtan in the gap will wake Htan continuous

across the gap, will correspond to a Uinite input voltage at the origin,

and will nakt the origin a source of energyr. The complication of

making H continuous across the gap is due to the fact that there
;-tan

are no solutions of the associated Legendre equation of order m arid

degree n + j- which are finite for all S. This makes the general
a

problem one of mixed boundary conditions with Et a sper'Ified as

zero over the surface of the metal arms ond Htan specified as c'ntinuous

actoss the gap. The solution of problems In electr~magnetic theory

-. ith mixed boundary con,&* inns normally lead to an £ Lerat lye rrr,bdurf,

*Pre ar appr',%iaate solution is assumed ar ' from it better appr'Aximatins

calculated, or to th:: sis.mtan4-ous solution of a large (Infinite) %(-t

of siiultaneoi-o --,Iuations

Regardless of the method usod it seems high)., desl rable at
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this point to consider approximations or simplifications which will

reduce the complexity of the problem. Using the static solutions as

a guide, the logical simplification Is to consider that the gaps

between the antenna arms are small. The equiangular spiral antenna

with small gaps to a practical antenna having broadband characteristics.

To d teraine E in a wide gap one munt find botk I and EI, each=tan r 0
of which is a function of two variables, u and T. For a narrow gap,

however, the electric field is alwsys across the gap, so it is necessary

to find only I which is a function of u only. Also, by making the

arms of equal width the variations of Z in the gap with u will be
5

the same for both gaps, For these reasons the next section 'i11

develop a routine for determining the electric field produced in a

small gap of a bsalanced equiangular spiral antenna by a source at

the origiii.



5. THE HAIANCEW ANTENNA WITH NARROW GAPS

5. 1 The Electric Fields at 0 a 0
0

As the gaps between the arms of the equlangular spiral antenna are

made narrow, 2 --+ r3 and T 4--*, T+21a. If the antenna is also balanced

(i.e. the arms are the same width) '3 = T1+Va. Without loss of

generality, the antenna can be rotated on the coordinate axis to make

T1 -0

T 3 a Va.

When the gaps are narrow it is convenient to consider the components

of the electric and magnetic fields which are in the directions of the

A A
unit vectors _ and • defined by Eq. 4-12. Using Eq. 4-12 the s and p

coaponents of the electric (magnetic) fields E (Hs) and Ep (H P) are

sin 9 a
s ~r 2
a + 20 a2 + sin2 0

and (5-2)
a sin 0

P 2 + 2 2 + h 2
Fa +sin 0 ja +in 0

The s czmponent of the field is "across" the gap, and the p compot.'nt

is "along" the gap.

The fields in the gap are illustrated In Fig. 5. As the antenna

arms are made of thin sheets of conducting material, the thickness of

the arms A 6 Is assumed arbitrarily small, but not zero. As the K8 p

width A T approaches zero, Ip evaluated in the 1;,Ap must Approach it-ro,

The field vector. satibfy Mbxwell's equations and the *#I& tn,,wn

conditions at the boundary surface between different mt.di. i i,
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FIGURE 5 ELECTIC AND MAGNETIC FPIELUS IN A NARROW GAP



zero inside the netul arms, and bince the tangentla.', components of E

are continuous -cross a boundary surface, E is zero just inside either
P

edge of the gap at the points T T and T = Tr If E evaluated in

thw gap did not approach zero as AT--#0, Rp vmld be discontinuous

with respect to T between T and T = T ". However, this discon-

tinuity in Ip is not allowable as the media is uniformr between T = T

and T3 W Vnen the gaps are made small the determination of the tangential

electric fields on the cone 0 = E is simplified as the p compor~ent

approaches zero, and only the a component need be found.

As the gaps are made small, E evaluated on the cone 0 =,e is5 C)

zero for all values of u and T except T = 0, t, where it becomes

Infinite. The integral of E-dl across the gap represents a voltage and

must be finite. Therefore, wher the gaps are small an approximation

for the tangential electric fields on the cone e = 0 is

E] F(U) [6(T-) - 6(T-Xa)

(5-3)

0

6(T-T ) represents the Dirac delta "function" defined as

6('r.T ,) T T V

6 ( - T T 0 -4 )

+, 0

0

and F(u) ib an arbitrary function of u still to be determined.



The voltage V(u) across the gap is given by

'V(u) 'V4 (5-5)
across gap

Integrating Eq. 5-5 relates V(u) and F(u) by

V v(u) U . (u) (5-6)

a + sin2 a

Since the antennn is balanced the voltage distribution Y(u) will be

the same for both gaps, and li.m V(u) gives the input voltage exciting
u-40

the antenna. By restricting the gap width to be very small, the prob]im

of finding all of the fields produced by the spiral antenna has been

reduced to fiwd~iv tho VnfItAOp O1 tbh# wxrt
t Sm

5.2 Erpressions for C1u and Cn an+J- n+j-
-a a

To have the antenna excited at the origin by a finite voltage,

han v(u) must be finite. Since V(u) represents the physical voltage
u40
obtained, it is reasonable to assume tVat V(u) Is continuous and has

continuous derivatives for all values cf u, and can be expanded in

the power serios

pu:O p
v()b up (5-7)

It is assured that this series converges for all values of u, and that the

series derived using It also converge. The coefficients C n ard

a a
C a of Section 4 may be expressed in terms of the coefficients t ,n+J-a P

and, therefore, all of the fields expried in terms of a single set

of unknown coefficients. The substitution of Zqs. 5-3, 5-6, and 5-'

Intn Eq. 4-30 gives an expression for C40a as
n+jaa



f ox a even

C m 0On÷+
(5-8)

for m odd, n =0,1,2,3,...
MIn F)(n-p4+j!)

Is sin ab ~jj
C n+j- a Ta ((n4i+J a2pb)-

a P (2)'2P

Substituting into 4-49 gives C m as
n+Ja

a
for a even C m

n+j-
a

'm
for a odd, n = -1 C In a O 0

a (5-9)
for a odd, n = 0,1,2,3,.

Cn+* zn1-2- (nj)2 n(n+l) +J5 (n+2p+l] b n1 -2
a a p PI

One aspect in the derivation of the preceding equations should be

conesit-'ed here. If a (u) is derived from Sq. 4-33, it is
sin a

fa(U) = . ...... F(U) m odd
/m-- 2

wa/a + sin 0 (5-9)

f (u) = 0 m even
m

which combined w&th Eq. 4-12 expresses the variation In electric field

intensity along the gap F(u) as

Va + s in e "" " 3
7() ________ 0_~ a (u)

F(U =n=Oe U nU+j
F~u -- S in e n+,I•.;J~tj

n=O (5-10)

7(u) does not depend on the method used In solving the problem; that

is, F(u) must be independent, of a and n. For any one valie of n,

a i (u) is not independent of a, and the series must be suie•1
"n+j+j-



over many values of n to obtain a solution. If only one value of n

could be used to represent a solution, the operation of the antenna

could be desz-ribed in terms of "modes" existing on the structure, and

it would only be necessary to determine what "mode"1 is excited by a

source at the origin. Unfortunately, the summation over n must be

madeand F(u) does not seem to have a staple mathematical form.

5.3 The Continuity of Tangential H from legions I and II

If the voltage along the gap V (u) is to correspond to that produced

by a source at the origin, it is restricted by the condition that the

components of H tangential to the cone 8= a must be continuous as
-- a

the gap is crossed from Region I to legion II. Referring again to

Fig. 5, the s component of H must approach zero as the gap width is

made small. In torus of the magnetic flux density B given by B

any time-varying component of B is zero in the conducting arm. The5

normal componelt of B is continuous across a surface, so B1 is zero

Just inside t1e gap at the points ? = T2+ " T W T3. If B0 in the

gap did not approach zero as 4r---O, B would be discontinuous in

a continuous media. Therefore, B -- +0 as L T--•Ov and H in the gap5 5

approaches zero as the gap is made narrow. To insure continuity of

the tangential ccaponents of R in the gap the r ilatioi to be enforced is

Ptj gap pit] gap (5-11)

where the 3ubscripts I and I1 refer to the field evaluated from 0 <0

0

Wnd > 0%o, respectively. The magnetic fields In the two gaps are the

same except f&,' sign, so it is rufficient to enforr., Eq. 5-11 only at

the gap at T = O.



In Appendix B expressions for H evaluated at the gap are derived

1n teors of the coefficients bp of the power series expansion for V (u).

It is shown there that for Eq. 5-11 to be ertisfied for ill values of

u except u = 0, u =e, the b coefficients must be related as follows:P

for p = 1,2,3,....
(5-12)

n 2 p-1

a
I=•,_La n (p-n-l)! (2n÷j!)•(2n~l÷jý)r(p,+.'÷•jl)r ]-n÷-a(s )

Sodda

T-1 (-)i~l( ) 2n.- 4+a-W 0 (2n-1dX2n)+J!(4n-2p-1] C B~ c+ ... it (COS 00)+~j" {!• o
, (p-n)!(2n+. J-) (2n-l+j):(p+n+J!) 2 2n-l+Ja

ba a a a
2p - (P ) (2p-1) (2p)p ' - (cos 00)

11----- O0 a

m odd

(5-1 J)

sp- (-1)+l(2) . 2 n.+2 (2 n3.j).3n
0 a[Nvi-(ol

2 z a3 tn

a(p-n-) ý (2n+1 a a ++.,
-oddod

PJ(-I) n1(2) 2n(2n+i+J!) [2n(2n+ ) +Jim2 (2n-p)
+ z 3 mq

(p-n)! (2nq.1+jn) (2n+jn)~ n+4~+j 24j~ a
) P+LPI+~a

(..)O a (ao 0)

() (2p) (2p+l) 2JS0
=-00

a odd
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where m mn (cos 0) p m a (-cos 0)
n+ja n+j- 0

dPn+(cos(cos)o d-......-
,nj- U ,n+ - 0VPn+jmm (Cos $,u) d pennjxn (-cOS 0)

a a
de d.

d Pm a (coo ) d p m  m (-cooe)n~j•- n f+jj0

c: ('s~ dO - - de"

n +j 0 n+j- 0
a a

dO dO o
d a 0Ir (ao (coo d0).m(o

n\' a n+jI' -&-00)
/ an stands for n•j

dO d

= b0

n

• 1'(2n-2k a-+J f

n k--O k!(2)2k (n-k)

fl'2p-k- , +Jo)
' s2 - (2n-1) ,J-2(n+k) b

n k=l kI( 2 ) 2 k a 2(p-k) for n = p

= z (2k+i(-)

ar : {11k [2(2p-1 (u)+jt 12p+2k)] b 2lp-k)+ for n p

k=O '2)2
n3v

F(2n-k4j+-t)

Zq5-2 xreits nIn em fb;b tn t(rnul)o+ b(2nd2Ib orn;

k=O k'(2)
nS

a' [2(2p+l) +J'(2p+2ke~i)i for n s
had k!(2) 3k ba(k)41

sq. 5-12 expresses b. In torso of b ; b4 In terms of b and b.;

b6 in terus of b 4 , b 2 , and bo; etc. sq. (5-13) expresses b3 in terms

of b; b 5 In terms of b 3 , and b e; etc. Therefore, all of the coefficients

in the power serier expansion are expressed In terms of h and bI'



Since b is proportional to the input voltage, the coeffticint b

is the only one still to be determined.

5.4 The Far tields and th. Radiation Condition

The relation between b and b must be such that the radiation

condition21 is satisfied. Tris condition insures that the antenna is

a source of energy, and for a finite antennt requires that the fle1zI1n

at large distances from the antenna be represented by divergent

traveling waves. Making use of th-z relations

-J!- -j-.T -jm(4p +)

U e = e (5-14)

ani lis (r) ifr)1 COB [a3r-,jT(n+l+jU)l (5-15)?I- _, n4+ji ITI)

the electric fields for large values of r are given by Eqs. 5-16,

5-17, and 5-18. The vagniti.de of Er varies is I for largv r, and

r
thus becomes insignificant. As the antenna1 considered here is infinite

in extent it is not possible to be a large distance fria it. However,

since only the relation between b and b is decired, it can be obtainedo

by requiring a wave traveling vway from the origin ir one direction.

The most convenient direction to choose is 0 = 0 as
0

im  (cosO)

lia -n for all a except a =_+ 1

d am (coso )

and a... 0 for all a except a = + It
dO 

*

and the summation with respect to a becomes trivial.
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Using th 0 Wt time convention a wave travellng away from the origin

*;aries r! -1 r Making uno of the fact that many terms from VA = 1
r

Eqs. 5-17 and 5-18 will have this r variation for all values of 0 if

+•i (CO eO d pl _ - ( Cr>S ) C-I

n=O P, (conO) d P W3a
n+1. 00

f, a a(5-19
dO

Substituting for C Lnd C from Iqs. 5-8 and .- 9, and letting

n nj

n a b

n 2Yn fl2n-k-+j+-)

A- = Ean l2nk a 2(n-)
"I k. (2)

n3

(2n-k. ( 4)
n = k!(2)2k ba(nk)+l

rj72n-k4+)

n k=O k!(2) 2kI2(n-k)+l



Eq 5-19 becomes

2n _In(42ni+J 3
(s-1n ' (2) ln sin (2n+ • )

ft at

di) (5-20)

Z (1 Thereore t vet2n+b e 3 ai r
o e rvling (rlh(2) (2no ,a +at 0sine

[0'(14

Pqm5 20 j (cos r Pois os a

de

The LIJ1S of Sq. 5-20 is proportional to b 0  and the MRS in proportional

to b 1 .Therefore, it gives the relation between bo and b required

for waves traveling from the origin for large r along the 0 = 0 axis.

Sq. 5-20 is ,convenient form for this relation as N', fil go, I and N'

are needed in Eq. 5-12 and 5-13 for the calculation of the bp coefficients.

5.5 The Innut Admittancg

The input voltage V(0) can be obtainrd by taking the limit of

V(u) as u-40, and using 1q. 5-7
b

0V(O) slima V() =I (5-21)
tu -* IL

The input current 1(0) can be determined by integrating 5-'i around

one of the arms and taking the limit as u--*0. Using Eq. 4-30, 4-41,

4-8, and 5-2, an expression for the input admittance Y(0) can be

derived anas m a

Y" (01' 1 ()

) V(O) I b sin .... a-'
o()-1 s d P a (cos 0) d p (P cos O)0.odd J

(5a
dO dO

(5-22)



5.6 The Problem of Nunerica.. Calculation

To bP c-Opletely Ratissfying from an engineering viewpoint, the

rather complex mathematical expressions derived for the equiangular

spiral antenna must be exdluated for various parameters of the stritctur

The fact that the expressions obtained arc. in series form makes them

4eli dadpted for computation using a digital computrr. It is presently

planned by the Antenna Laboratory of the University of Illinois to

program the high-speed digital computer, ILLIAC, to make numerical

calculations using the expressions derived here. Appropriate tables
20

of the gamma function of complex argument are available, but no

tables of complex order Bessel functions or complex degree associated

Legendre functions are known. The series converge most rapidly with

respvct to n when r is small. In the limit as r--0 only the n = 0

terms are needed, and the electric fields approach tho.e given by the

stati- solutions, This fact makes the near field), including tde current

distribution on the antenna arms, tne easiest to calculate. It will

probably be b~tter to use the conventional methods oi obtaining tho.

far fields for " known current distribution than to use the series

devel oped Ahere.



6. COKCLUS IO8

Theoretical expressions for the fields produced by an infinite

equiang, lar spiral structure have been obtained. It has been demomstrated

that the static electric fields are a function of only two variables

a and Q. For the static case exact expressions have been derived for the

structure with nairrow gaps, and approximatt expressions using the

"least squares" criterion for arbitrary gaps.

For the electromagnetic problem, solutions of the vector Helmholtz

equation suitable for the spiral geometry have been obtained by using

the separatiun of variables techniquop in an oblique coordinate system.

These solutions express all of the electromagnetic fields in terms oi

the tangential elect'ic fields ezndting in the gaps Lf an equiangular

spiral antenna.

For the special case of the balanced antenna with narrow gaps

between the arms, exact exprtssions for the fields in the gaps are

derived. These solutions make available a means of calculatiog the

input tmeqdance, the current distribution, and the pattern of an

equiangula, spiral antenna.
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APPMIX A

If the potential on the cone e w 0 is real, the solutions for the

potential in Section 3 are real for all values of 0 and T. This nay

be shown by first combining Eq. 3-15 and 3-18 for <4 0 to obtain

d. P a (cos 0)

ii3 j~r
V (OJT) = C - .a 0 r

.w o (co o 0) (A-1)

From 1q. 3-17 2wa

3,, = 0 IT ) e d T

1

CI n (Ce) , and C0 is real if V( %,T) is real. By Eq. 3-11, 3-12,
0

ad•3-13,0Po (coso )a

and

p"* (cos 0) P' (cos e)'
a -a (A-2)

?(Ios pa (cooe)

Therefore, in •q A-1 the a a 0 term is real; for other values of a

the + a and - a terms are complex conjugates for all value4 of 0

and T. This assures that the potentials obtained from Eq. A-3 or

Sq. 3-24 are real for all values of a and 'r.



Am, WDIX B

DUI¥ATION OF TUE b P ICIx"TS

The relations botween the coofficientt b of tho power terios expansion
p

for the voltago Ilo*" the gap are d*t~eruim by requiring that the p compo-

nents of the maginetic field at the gap fI regions I and II are equal. By

Eq.- 6-2 Np is related to Br and R 0 by

Ea+ 91n r a + + *in* (Z- "

Using Iqs. 4-30, 4-48, and 4-49, H P ia region I is

Z.a (n+J-.)(ndI+j2-!) (u)

a -40 nZo d ()

(u)) Jn (coo

d 0

+ i1 ,

Me n+jI u u)a( n l+1( a+~i

(B-2)
The *xpression for N in region I is similar.

LAt

a a(Cos 9 &1 r~(cosOn+j-0

3 ~a (Cos) - (B-3)
a0 dP a (Cosa dI a(-cosS)

0 1, +j 0- _o_

dO dO



49Jo a (cow a dipa (-Co*.
aa

a (coo ) (B-3)
a a(ComO a P a(<-CosOa (Cont.

a +41-k o nj

squating, R!p evaluated at T = O, 0 =0 from regions I and II gives

a,,)(n. +j ) (u. _ (u
+~m+ I+ I a ) i, (-! [ I (Cos

UU 0

Sn÷JT_ n-3--sin ~a (U)

2.. . (cos .0) (8
-(n,+J-) (n*+J-) + a-0a-0a a

If F4. 3-4 As to be satisfied for all u exr--t u = O, j, the coofficient.s of

each power Lf u mast be zero. ftyanding the Bessol functions in a power

series gives

(ml~kn(z~l) 4 J!(n-2)1it -~ F COa 21 (coome)
k1() u2k~ +3 a a aj;- BJ

(B-5)

alO a !l

(UUL L a 1

• Iaa.k ro a . o

a
a (coo 0 0

a 0



Letting p u a + 2k the method of suniug can be changed as shown in

FIg. 6, This to not a rearrangmust 0 the terms in one row (or column)

are in the saoe order as before.

- ~- - 1- ---- ff if s equivalent to
p';uo (a) No

__~t - -is eqi'ontt

(u) - Up 2, 4 6, ... when j is even

(i) = , 3, S, 7, ... iteplsodd

FIGO= 6 "IM 5•TION M"WUD

Tie oseffilient of v is always mw• for p - O, sad for the other coefficimts

of u to be nsro, for p n 1, 2, 3,

ao~ a

(Q) +•2 , _:.= (coo %)

*s 0 a (04±ZoIS 211 (L- (2)phk+A (a1
•" (•)w (,! a' a01)

(5-6)



ihR
Substituting the Values, of C _0and C a fion Sq. 5-'8 and 5-9 gives,

is a

for •w1, 2, 3,

S (1) ( ) a - co.s,, ÷*1- £j(n-]l)
p I (o a 00

- I +AL1+J+.) r( k

aodd (n)od

aodl

-'(n+1) m z
•"lln-k~ij [)~ +L 1+k

] ULa0(-)

I -7 then)Z [&(I+v) 5 when t.P] s ak 0. o 1 w-7

Zq, 5,,T then jlives Eq. 3-12 when p 1. odd and Eq. 3-13 when p is even,

l i -_ - -U "
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